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Chapter 6: Fundamental Methods Used In Structural Dynamics
By Karl Hanson, S.E., P.E.*
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6.1 Introduction:

Structural dynamicsis afascinating subjed. After you get into it and unarstandit, you
will most likely become “hooked”. On the flip side, if you dorit understand the
fundamentals, youwill quickly get lost. There are layers of complexity to this subjed,
which need to be gopreciated at each level of understanding. It will t ake some dfort to
get the big picture.

The intent of this chapter isto take abroad view of this subjed, summarizing in ore short
paper the fundamental solutions. A hierarchy of methods used in structural dynamic
problems will be presented, with step-by-step procedures that can be gplied in
spreadsheets and software goplications.

Severa types of dynamic problems that structural enginee's typically encounter:
- Madine fourdations (foundations sibjed to ou-of-balance machines)
Beam vibration analysis (floors subjed to walking/dancing)
Smoke stadks, signs, cables and kridges subject to wind vatex shedding forces
Seismic design (buildings/bridges subject to eathquakes)

At first glance, these design situations appear to be quite different. Actually the only
major difference is the nature of the force or support movement. After defining forces or
suppat movements, al of these problems can be analyzed using similar methods.

One year, | was involved with the design of two projeds requiring dynamic analysis. A
building housing four 3600 H.P. generators, requiring foundation designs; and alarge
plaza structure to be designed for a 0.6g seismic event.

Let me darify that I'm from northern llli nais, where we don’t get earthquekes; so, the
latter projed was quite an intimidating challenge! It was expedient that | brush-up my
knowledge of structural dynamics and get agoodgrasp of the subject. | certainly had a
lot of questions.

If you are new to this subjed, you will probably be aking many of the same questions |
asked. | firmly believe that it isimportant to understand the essential mathematicsto gain
confidencein this subjjed. | have alded historicd comments abou the inventors of these
methods, hopng to make things more interesting and memorable. A list of referencesis
presented at the end d this chapter.

* DesignCalcs, Inc. — Structural Engineeing Software (www.dcd c.us)
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6.2 An Overview of Structural Dynamics.
The subjed of structural dynamics can be broken into the analysis of two types of

systems:
1. Single Degreeof Freedom (SDOF) Systems:

L

Fig. 1. Examples of Single Degree of Freedom Systems

Single degreeof freedom systems are comprised of amass(m) conreded to a spring,
bean or shaft having a stiffness(k). The dove sketch represents three schematic single
degreeof freedom systems. The movement of each of these threesystems can be
described using similar structural dynamic concepts.

2. Multiple Degreeof Freedom (MDOF) Systems:
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Fig. 22 Examples of Multiple Degree of Freedom Systems

Multiple degreeof freedom systems are comprised of several discrete masses, or
continuows masses. A multi-story building isa dassic example of a system having
discrete masss at each story. A beam is agoodexample of asystem that hasa
continuowsly distributed mass

There aetwo types of excitations that can be gplied to SDOF and MDOF systems,
Excitations caused by aforce
0 Sinusoidal force (example: out-of-balance machine)
o Non-sinusoida force (example: a personwalking on abeam)
Excitations caused by a suppat displacement:
0 Sinusoidal displaceanent
0 Non-sinusoida displacements (example: an eathquake)
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6.3 Why Do Structures Vibrate?.

All structures vibrate to some degree. Thisis amething we take for granted. But why
exadly do structures vibrate? The explanation comes from a differential equationthat is
the basis of structural dynamics.

I

Inthe 1700's, Jean Le Rond d Alembert developed a principle that
states that inertial forces in mechanicd systems can be treaed in the
same way as gatic forces in static systems.

Looking at the &owve basic system, there are three forces:
inertiaforce =mx”
viscous damping force =
spring force =kx
where
x" = first derivative of x with resped to time, t
X" = seoond derivative of x with resped to time, t

Applying d’ Alembert’s principle we chedk for force euili brium as foll ows:
mx” +cx’ +kx =0

Trying x = € results in the following,
ms’e® + cse™ + ke = 0
(ms® + cs+k)e* =0

Since “€™ isnat zero, the term “(ms” + cs + k)” must be zero. Therefore,
ms’+cs+k=0

We solvefor “S’ using the quadratic equation,
s=-(c/2m) +- V' (cl2m)* —k/m

If the radicd term “(c/2m)? — Kkm” is negative, “s” isa mmplex number, “a+jb".

Leonhard Euler (whoincidentally knew d’ Alembert) discovered the
relationship, €™ = cosbt +j sinbt. Wewill utilize Euler's equation
hereto draw the foll owing conclusions:

When “s’ isacomplex number, a system will respond

with sinusoidal vibrations.

When “s” is not complex, a system will not vibrate
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6.4 Free Motion of System Without Damping

Fig. 3: System Without Damping

Differential Equation:

mx” + kx=0

where,
m = mass(weight in paunds divided by g=32.2ft/se¢ or 386in/sec)
k = spring constant (pounds per inch o fed)
x = displacanent (fed or inch) at time, t (seconds)
X" =seomnd derivative of x with resped to time
Solution: (Ref. 1, p. 31)
X = Cqy SN Wt + C, COS Wit
where,

W, = the natura frequency = 1V k/m (radians per second)

The onstants “c;” and “ ¢,” are determined based oninitial boundary condtions.

An dternative expressonfor “x” can be determined as foll ows:
At time, t=0, theinitial displacement of the system is
Xo=¢€1 SN (0) + ¢ cos(0) =
The velocity of the system at any timeis,
X" = C1Wp COS Wit — C2 Wy, Sin Wit
andtheinitial velocity is,
Vo = W, €0S (0) — ¢ Wi sin (0) = ¢iwi, . Therefore ¢ = vo/wy,

The expressionfor “x” is sometimes written in the following form:
X = (Vo/W,)Sin Wit + Xo COS Wit (Ref. 2, p. 13)

p.6-4



Fundamental Methods Used In Structural Dynamics

6.5 Free Motion of System With Damping:

iy

k

16}

=

Fig. 4 System With Damping

Differential Equation:

where,

mx” +cx’ + kx=0

m = mass(weight in paunds divided by g=32.2ft/sec or 386in/sec’)
¢ = viscous damping coefficient

k = spring constant (pounds per inch or fed)

x = displacament (fed or inch) at time, t (second)

X' = derivative of x with resped to time, t

X" =seond derivative of x with resped to time

Solution: (Ref. 1, p. 37)

Critical damping coefficient, c. =2 mw,
W, = the natural frequency = (k/m)Y?

Casel:ic>c.

X = ;e + c, 2

where

s, = -(c/2m) + [(c/2m)? — k/m]¥2
s, = -(c/2m) - [(c/2m)? — k/m] Y2

Case 2: c<C,
x = @M (¢, cosqt + ¢, Sin )
where

q = damped natura frequency = [(k/m) — (¢/2m)?]*? (rad./sec)

Typicdly “c” is not known. In practice we use adamping ratio,
e = dampingratio = c/c.
A common value of “€” used for structuresis 5% critica damping.
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6.6 Singe Degreeof Freadom System Subjed to Sinusoida Force

Fig. 5. System Subjed To A Sinusoidal Force

Differential Equation:

mx” +cx’ + kx =Psinwt

where,
m = mass(weight in paunds divided by g=32.2ft/sec® or 386in/sec’)
¢ = viscous damping coefficient
k = spring constant (pounds per inch or fed)
P = maximum amplitude of force (pounds or kips)
w = angular rate of change of forcing function (radians per seand)
t =time (seconds)
x = displacanent (fed or inch) at time, t
X" = derivative of x with resped to time, t
X" =semnd cerivative of x with resped to time
Solution: (Ref. 1, p. 47)

x = freemotion + forced motion m W)
The “freemotion” part of the solutionis described RREEMOTON
in section 6.5 \ /\ /\

The “forced motion” part of the solutionis, \/ \/ \/
X = XO S n (Wt _ f) ﬂ FORGED MOTION

| M A
lvohfr (eP/k)/[(l —(WIwp)?)? + (2c/ce * wiwg)?]Y? UW W \A

TOTAL MOTION

tan f = 2c/ce * Wiwi/[1 — (Wiw)F]
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6.7 Singdle Degreeof Freedom System With Sinusoidal Support M ovement:
/ MOVING SUPPOET

I
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ACTUAL SYSTEM EQUIVALENT SYSTEM

Fig. 6: System Subjed to Sinusoidal Suppat Movement

Differential Equation:
mx” + K(X —agsinwt) + ¢(x’ —ayw coswt) =0
or rearranging,
mx” + cx’ + kx = kagSinwt + ¢ agwcoswt
= [(kao)* + (c aw)’]** sin (wt + f)

We reaognize that the right hand side has the same form as a sinusoidal force.

Solution: (Ref. 1, p. 30)
A sinusoidal support movement is equivalent to asinusoidal force gplied at
the mass

P(t) = [(kao) + (c aw)?]" sin (wt + 1)

For practical applications, we ignore the phase shift “f” and apply aforce,
P (t) = [(kao)” + (c aw)?]" sin (wt)

to the equivalent system.

Using this substitution, problems like these can be solved using the method
described in sedion 6.6.
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6.8 Transmissibility Fador:

Sedion 6.6 pesented the most important solutionfor real world problems: The resporse
of adamped system to aforcing function. The main guestion structural enginee's must
ask is, what effeds does a dynamic force have on a structure?

If “Xg” isthe resporse of a system to aforce “Py”, andif “X” isthe maximum resporse of
aforceto adynamic force, “Py sin wt”, transmisshili ty is defined as,
Transmissibility = x/X«

Using the previous analysis results, transmissbility can be computed by,

Transmissbility = 1+ [2cw/(ccwp)l? (Ref. 1, p. 72
[1 —(wiwn)?] +[2 c w/(ce wi)]?

Transmisshili ty Fadors (Ref. 1, p. 51

This graph can be quite useful, all owing a quick and easy evaluation d some problems.
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6.9 Solving For The Natural Freguency Of Beans With Distributed M asses:

The natural frequency of systems with distributed masses canna be
solved simply from a diff erential equation. For complex systems
such as beams, there is an alternative gproach for computing
natural frequency, invented by Lord Rayleigh in the 1800s.

Thismethodis very straight forward and hes the advantage of being
intuitively simple.

To ill ustrate the method,the cantil ever beam shown below is a system with a distributed

mass

Energy conservation requires that the total energy of this closed system must remain
constant. Therefore

K.E. (max) =P.E. (max)

Ravl eigh’s Method: (Ref. 1, p. 141)

AN

2

7.

8.

9.

Asaume aforce g(x) = 1 per unit length, is applied to the bean
Compuite the defleded shape, an(x), using conventional methods
Asaume sinusoidal dynamic behavior: a(x) = a,(x) sin wt
The velocity is computed by differentiating a(x),
V(X) =W an(X) coswt
Similarly, the acderationis computed by differentiating v(x),
a(x) = -W an(x) sin wt
The maximum velocity at any paint is,
Vimax (X) = W an(X)
Compute total K.E. by integrating along the length o the beam:
K.E.max = S 12 [wan(X)]>m(x) Dx (summing small segments)
Compute the total P.E. by integrating along the length of the beam:
P.E.max = S 1/2 o(x) an(X) Dx
Setting K.E. max = P.E. max, solve for w

The solution for “w’can be further refined by the foll owing iteration:
10. Compute maximum accleration,

Bmax (X) = W am(x)

11.Revisetheforce,

q(x) = W* an(x) m(x)

12.Go to step 2, iterating the solution
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6.10 Single Degreeof Freedom System Subjed to A Genera Force
There ae many situations where structures are subjed to nonsinusoidal forces.
Structures subjed to explosions.
Beams subject to walking
Structures subjed to seismic suppat displacanents
In these cases, the previous methods based onsinusoidal forces canna be used, and
numericd techniques are necessary.

One of the most useful concepts for the analysis of single
degreeof freedom systems was invented by Jean Marie
Constant Duhamel in the 1800s.

This concept, called “Duhamel’s Integral”* , is an elegant
mathematica concept. It will be explained in detail becaise of
itsimportance

Fig 7: A General (Non-Sinusoidal) Force

A constant force “F”, ading onamasswill cause a mnstant accderation of the mass
a=FR/m

For amassthat isinitialy at rest, the velocity of the massafter a short time “Dt” will be,
vi = a(Dt) = (R/m) (DY)

Now, let’s assume that the massis part of asingle degreeof freedom system without
damping. If the time duration“Dt” is chasen to be very short, andif the spring has no
initial displacement, then theinitia velocity of the masswill be “v;” .We will temporarily
rename this velocity “vq”, for reasons that will become gparent.

The dynamic behavior of asingle degree of freedom system (covered in sedion 6.3 is,
X = (Vo/Wy) SIN Wit + Xo COS Wit
For a system withou initial displacanent, this can also be rewritten in aform,
X = (Vo/Wy) SIN Wit,
where “v,” istheinitial velocity of the massof the system.
(* SeeReference 2, Chapter 4)

p.6-10



Fundamental Methods Used In Structural Dynamics

6.10 Single Degreeof Freadom System Subjed to a General Force (Cont’d):

Looking at a short burst of force “F” applied to one system at time “t;”, the velocity is
Xi = (Vilwp) sin w(t-t;) = (F/m) Dt/ w,sin w(t-t))

Procealing along this line of thought, we can dvide the forceinto separate bursts applied
to anidenticd system but at adifferent time “t;”. The displacement “x;” is computed for
eat o theseidenticd systems.

The total displacanent “x” isthe superposition d the bursts of force gplied to every
identicd system.

X tota = S (F/mw,) Dt sin w,(t-t;)

The @oweis“Duhamé’s Integral” for a single degree of freedom system without
damping, written as a summation for numericd integration.

For damped systems, asimilar approach is used, resulting in Duhamel’s Integral for
damped systems,

X ot = S €D (F/mwp) Dt sin wi(t-t;)

where
e = damping ratio = dcy

The &owve two integrals are somewhat complex, becaise of the term “sin w(t-t;)”. In
pradice for numericd evaluation, aternative forms of these equations are used.
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6.11 Single Degree of Freedom System Subjed to Support Acceleration:
Pertinent to seismic anaysis, we need to be &leto compute the excitation o a structure
to general (non-sinusoidal) suppat displacanents. The method devel oped by Duhamel
described in the previous sedion can easily be extended for this purpose.

In the 1950's, Professor Nathan Newmark of the University of

[llinais pioneaed many of the methods that are used today for

seismic design. Hiswork formed the foundation d the present
day seismic design codes.

One of thefirst things he determined was how to calculate the

resporse of single degreeof freedom systems to recorded seismic
data.

Fig. 8: El Centro, Cdifornia, eathquake of May, 18,1940

Reaoords of the 1940EI Centro California earthquake where sufficiently detail ed for
numericd analysis. Newmark used this data to compute the resporse of various SDOF
systems to ground dsplacements caused by this earthquaeke and ahers.

Resporse of undamped single degreeof freedom system to
genera support motion, relative to suppat:

U=X-Xs=S (- YWp)Xs " Dt sinwp(t-t;)

Resporse of damped single degree of freedom system to
genera support motion, relative to suppat:

U=x-Xs=S e 1/wp)xs’ Dt sinwp(t-t;)

where xs” = support (ground) acceleration.

(Ref. 3)

p.6-12




Fundamental Methods Used In Structural Dynamics

6.12 Natural Periods of Multiple Degreeof Freedom System: (Ref. 2,Ch. 10
In pradice, rarely dowe encourter single degree of freedom systems. We aetypicdly
designing buil dings and kridges that have multi ple degrees of freedom.

Complex structures are typically analyzed using matrix stiffnessanalysis. For example, a
threedegreeof freedom structure may have the following stiff nessequation,

k ki kiz| [X1 =
k ko ksl [X2|=| F | a K2* X =Fwrittenin matrix notation.
k ks ksl |X3 Fs

Complex structures without damping will vibrate in several natura frequencies, “w”. For
ead natural frequency, “w”, thereis an asociated “normal mode shape”.

For sinusoidal movement, the defleded shape & each nonzero massnodeis,
Xj=a sinwt
andthe accderation d each degree of freedom is,
X" = -a w’sin wt
If weignorethe rotational degrees of freedom and consider only tranglations, the inertia
of eat massis,
mX’ =-m; g WZSIH wit

Dynamic equili brium of ead massrequires, mx’’ + kx = 0. Written in matrix form,

mO O -4 V\/28| nwt k11 k12 k13 A sinwt 0
0 m©O -2 VVZS| nwt|+ | koy koo k23 2 Sinwt =0
0 0 mg! kag VVZS| nwt k31 k32 K’g agsin wit 0
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6.12 Natural Periods of Multiple Degreeof Freedom System (Cont’d):
Eliminating the “sinwt” and combining the square matrices resultsin,

Ki1— ml\/\12 Ki2 ks Y 0
K1 Kom MW kos &| =1|0
Ka1 &) kaz— maw” ' 'ag 0

The &ove gquation written in matrix notationis,
[K-MW]*A=0

Sincethe “A” vedor can assume any value, we conclude that
Determinant [K =M w?] =0

Thisiscadled an Eigenvalue problem. Problems of this type are dso encountered in
advanced physics and mathematics. (Vibration analysisis historicadly aproblem in
classcd physics.)

Toill ustrate the difficulty of the solution, we @ntinue with ou littl e threedegreeof
freedom problem. The evaluation d the determinant for the three degreeof freedom
problem will be a wibic equation d the form,

Co+ ¢t (W) + 6 (WA)? + cs (WA)3=0
This cubic equation hes threeroats for “w?”, which can easily be solved. Then, “w” isthe
square roct of “w?’. Therefore, a system having threemasses, each having ore diredion
of freedom, has three possible modes of vibration.

For a system with “n” masses, each having one diredion o freedom, evaluation d the
determinant will result in apolynomial of the form,
Co+ & (W) + G (W2 + Cs WA+ ... + Gy (W)= 0

A polynomial of order “n” will have “n” roots. We conclude then,

A structure with “N” non-zero massnodes, eat having “M” diredions of
freedom will have “N*M” possible norma modes of vibration.

The only way to solve immense problems of thistypeiswith a cmmputer. Severd
numericd methods have been developed for solving eigenvalue problems. Reference 2
describes computer code developed by Bathe and Wilsonin the 1970s.

Having determined ead vibration mode, “w”, we then ask what is the solution for the
“A” vector? In mathematicd terms, the “A” vedor is an eigenvector. However, because
the determinant of “[K —M w?]” isequal to zero, “A” has nosingle solution! If the
determinant of “[K —M w?]” isequal to zero, this means that two rows in the matrix “[K
—M w?]” are multiples of eat other. Thisis analogous to the problem of finding the
intersedion d two perallél lines: Thelinesdorit intersed.
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6.12 Natura Periods of Multiple Degreeof Freedom System (Cont’ d):

The onclusionis, thereisn’'t aunique “A” vedor solution. There ae acualy an
infinite number of solutionsfor “A” that will satisfy the egenvalue problem. But for a
particular solutionfor “A”, we would need initial boundry condtions.

Ead natural period of vibration, “w’, will cause al of the masses to satisfy
dynamic equilibrium. Dynamic equilibrium of a structure is only satisfied
for defledions sets conforming to certain deflection sets call ed “modal
shapes’. The amplitude of a modal shape depends oninitial conditions.

To compute the “A” vedor, it is necessary to substitute “w” into the eguation

“[K =M w?] * A =0, and then solve for relative ratios of the “a” dimensiors.
Typicaly, one of the “a” dimensionsis st equal to unty. The*“A” vector for the reduced
problem can then be solved, kegoing in mindthat it isonly a propartional “shape”.

Shape for wy Shape for w, Shape for ws

The &owe figuresill ustrate conceptually the normal mode shapes for a threedegree of
freedom system.

In pradice, shape wefficients are normali zed using the foll owing equation,
fi = a/(Sm %"

Recdli ng Rayleigh’s method, described in section 6.9,we dso discussed a shape
function, “a(x)”. Thisis no coincidence, because we ae talking abou the same thing:
The shape astructure takes when it is vibrating.

Both Rayleigh’s method and the agenvalue gproac are esentially solving the same
problem. Rayleigh’s methodis typicdly limited to solving the vibration d beams,
requiring the designer to make some asumptions abou the modal shape. Eigenvalue
solutions will reved many more shapes that may not be intuiti vely obvious.

p.6-15




Fundamental Methods Used In Structural Dynamics

6.13 Multiple Degree of Freedom System Subject To A Force: (Ref. 2,Ch 1)
We now have the key ingredients for making a modal analysis of the system:

Modal Analysis of a System Subjed To A Force:
1. Determine the forcesthat will be applied the system:
Assign forceto each massnode, “i”. Use the terminology “F”.
Determine how the forcevaries with time & each node:
a. Sinusoidal forces: Fi(t) = Fi, sin w; t for ead nodes, “i”.
b. Generd forces. Make atable, indicaingthe force“F(t)”, for
ead nodes, “i”.
2. Determine the natural frequencies and modal shapes:
Use a omputer program that solves for modal frequencies, “w”,
and normali zed shape coefficients, “f ;" (seesection 6.12)
Alternatively, Rayleigh’s method (seesedion 6.9) can be used to
determine frequencies and shapes (typically only one frequency
and shape is computed using this method)
3. For each natural frequency, “w;”, compute the following:
Modal mass ~ M; =Sm; f;®(result will be M=1)
Modal stiffness. K; =w?*M,
Modal damping: C; =2 w (wheree=c/c; )
Modal force: Fj =Sf i F
4. For each natural mode of vibration, “w;”, compute the single degreeof
freedom response, “x;":
Sinusoidal forces: use the method described in section 6.6
Genera forces: use Duhamel’ s Integral described in section 6.10
5. Based on the results, identify the maximum single degreeof freedom
response, “Ximax.
6. Compute the maximum responses at each node using the formula:
Xi max =(S (f ij Xi max)z)l/2
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6.14 Multiple Degree of Freedom System Subject To Support M ovement:

Modal Analysis of System Subjed To Support Movement: (Ref. 2,Ch. 11)
1. Determine the support accderationto be gplied to the system:
Make atable of support acceleration (Xs” ), velocity (Xs'), or movement (X).
(Note: Seismic datareoords of accderation commonly have “noise” spikes,
that can cause arors. Seismologists typically corred the velocity and
movement data to remove noise, making this data more useful.)
Compute xs” by the following approximation,
a X (t)=[ Xt + Dt) - x{t)]/Dt
b. xs (=] s (t + Dt) - x5 ())/Dt
2. Determine the natural frequencies and modal shapes.
Use a omputer program that solves for modal frequencies, “w”,
and normali zed shape coefficients, “f ;" (seesection 6.12)
Alternatively, Rayleigh’s method (seesedion 6.9) can be used to
determine frequencies and shapes
3. For each natural frequency, w;”, compute the following:
Modal mass - —Sm. f % (result will be M=1)
Modal stiffness: K =W M,
Modal damping: C 2¢ vv. (wherea G/Ci o)

Massparticipation, G ga mkakJ . ga m, (2, f 2
7]

Modal Force: F,=- G xs" (force epplled to mas9
4. For eadw natural mode of vibration, “w;”, compute the single degreeof

freedom response relative to support, “u;”, for asystem subject to F,.
5. Identify the maximum single degreeof freedom response “ U max” -

6. The maximum response & each node is typically computed as,
Ui, max = (S(F i Uy max)’ )2

p.6-17




Fundamental Methods Used In Structural Dynamics

6.15 Response of aBean to a Force:

Response of a Bean to a Force

1. Make atable. Divide the beam into N short segments, each Dx long.
|dentify ead) segment, usingindices"i" from 1 to N. Compute the
mass "m;", of ead of the segments.

2. Using Rayleigh’s method, determine the beam’s main natural
frequency, “w’, and modal shape “g” at ead segment (seesection
6.9).

3. Normali ze the shape function for each segment,

fi=al[Sm az]uz

4. Determine the forcesto be applied to the beam at ead segment:

a. Sinusoidal forces: fi(t)= fi, SN w; t, where "f;," isthe maximum
forceat a segment

b. Generd forces: Make atable, indicaing forcef;(t) for each
segment at all times “t”.

5. Usingthe natural frequency, “w”, compute the following:

Modal mass M =Sm f*(result will be M=1)

Modal stiffness: K =w*M

Modal damping: C; = 2¢ w; (where e=ci/c; )

Modal force: F(t) =Sf; fi(t)

6. Compute the single degreeof freedom response, “Xgq"-

Sinusoidal forces: use the method described in section 6.6
General forces: use Duhamel’s Integral described in section 6.10
7. Compute the deflection at all points along the beam using
Xi =i * Xedor
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